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Abstract 

In this paper, we give a new lower bound for the eigenvalues of the 
Dirac operator on a compact spin manifold. This estimate is motivated 
by the fact that in its limiting case a skew-symmetric tensor (see 
Equation (|1.6|) ) appears that can be identified geometrically with the 
O'Neill tensor of a Riemannian flow, carrying a transversal parallel 
spinor. The Heisenberg group which is a fibration over the torus is 
an example of this case. Sasakian manifolds are also considered as 
particular examples of Riemannian flows. Finally, we characterize the 
3-dimensional case by a solution of the Dirac equation. 
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1 Introduction 

The study of the spectrum of the Dirac operator defined on a spin manifold 
M, has been intensively investigated since it contains subtle information on 
the geometry of the manifold. In [10] , Th. Friedrich proved that on a compact 
spin manifold M of dimension n, the first eigenvalue A of Dm satisfies 

> ^ inf ScaW, (1-1) 
4(n - 1) M 

where ScaU/ is the scalar curvature of M, supposed positive. The proof is 
based on the modification of the Levi-Civita connection of the spinor bundle 



1 



in the direction of the identity and the use of the Schrodinger-Lichnerowicz 
formula [21] ■ The hmiting case of (11. II) is characterized by the existence 
of a special section of the spinor bundle called Killing spinor satisfying an 
overdetermined differential equation. The manifold is in that case Einstein. 

Observe that Friedrich's estimate contains no information for manifolds with 
negative or vanishing scalar curvature. Hence the estimate established in [TH] 
for all manifolds (the scalar curvature could be negative) where the author 
modified the Levi-Civita connection in the direction of a symmetric tensor 
and leading to a lower bound of the spinorial Laplacian by the norm squared 
of this tensor. 

In fact, we suppose that on a spin manifold M, there exists a spinor field 
^ such that it satisfies for all X G r(TM), 

V^^ = -E(X)-^, (1.2) 

where i? is a symmetric 2-tensor defined on TM. Then with the properties 
of Clifford multiplication, we see that E is equal to the tensor T*, called the 
energy-momentum tensor, defined on the complement set of zeroes of ^ for 
all X,Y e T{TM) by 

r*(X, Y) = ^^{X ■ V^^^ + Y ■ Vf y^). (1.3) 

Hence he proved that for any eigenspinor \E' of Dm associated with the first 
eigenvalue A, we have 

A2>inf(^+|T*n. (1.4) 

The important point is that the set of zeroes of \Ef has a Hausdorff dimen- 
sion equal to n — 2 (see [1]) and hence its measure is zero. The estimate 
fll.41) improves Friedrich's inequality since by the Cauchy-Schwarz inequality, 
|T*p ^ ^^^^'^ (here tr denotes the trace). The existence of a spinor field 
satisfying, for all X e T{TM) the equation Vf ^ = -r*(X) ■ ^, character- 
izes its limiting case. In this case, it is not easy to describe geometrically 
such manifolds since the lower bound of (11. 4p depends on the eigenspinor in 
question. 

The study of Equation (II. 2p in extrinsic spin geometry is the key point for 
a natural interpretation of this tensor. If the dimension of M is equal to 
2, Th. Friedrich [TT] proved that the existence of a spinor field \E', with 
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constant norm satisfying Dm'^ = where / is a real function on M, is 
equivalent to the existence of a pair {^>^E) satisfying fll.2l) . where i? is a 
symmetric tensor of trace /. This also implies that i? is a Gauss-Codazzi 
tensor and the manifold M is locally immersed into the Euclidean space 
with a mean curvature equal to /. Here we have the following fact [22]: If 
M"" is a hypersurface of a manifold A^, carrying a parallel spinor, then the 
energy-momentum tensor appears naturally as the second fundamental form 
h of the hypersurface. Moreover, if the mean curvature if is a positive con- 
stant, then we are in the limiting case of the extrinsic estimate established 
in [16] and we have 

n^H'^ _ ScaUf ,5, 2 _ ScaW 
4~ 4+1 1-4+4- 

In this paper, we study Equation fll.2l) in a general case. We assume that on 
a Riemannian spin manifold (M, Qm)-, there exists a spinor field ^ satisfying, 
for all X G r(TM), the equation 

V^^ = -E(X)-^, (1.5) 

where E is any endomorphism of TM. By using the properties of Clifford 
multiplication, we find that the symmetric part of E is and the skew- 
symmetric part of E is the tensor defined, on the complement set of zeroes 
of by 

g*(X, Y) = ^^{Y . Vf - X . VP, (1.6) 

for all X, y G r(TM) (see Section [2]). Here is the problem to relate these two 
tensors to the spectrum of the Dirac operator. We prove that if we modify 
the Levi-Civita connection in the direction of these two tensors, the spinorial 
Laplacian is bounded from below by the sum of the norm squared of these 
two tensors. Thus we have: 

Theorem 1.1 Let {M^qm) be a compact spin manifold, then the first eigen- 
value of the Dirac operator satisfies 

A2>inf(^^ + |T*|2 + |Q*|2), (1.7) 

where ^ is an eigenspinor of D\j associated with }? . The equality case of 
fll.71) is characterized by a solution of (11.51) 

The Heisenberg group Nils and the solvable group S0I3 are examples of lim- 
iting manifolds with negative scalar curvature (the term is equal to zero. 
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see Examples 1 and 2), also the Riemannian product x §^ with positive 
scalar curvature (the term T* is equal to zero, see Example 3). 

The study of foliations and in particular the transverse geometry of Rie- 
mannian flows [8j, which are locally given by Riemannian submersions with 
1-dimensional fibres, will allow for a better understand of the tensor Q*. In 
fact, the geometry of the normal bundle Q of a Riemannian flow is completely 
determined by a natural skew-symmetric tensor, called the O 'Neill tensor [25] 
(see Equation (14.61) ). since it is related to the Lie bracket of two sections of Q. 

After the identification of the spinor bundles of M and Q, we prove that 
if the normal bundle carries a parallel spinor \E', the tensor plays the 
role of the O'Neill tensor (see Proposition 14.21) . Particular examples of Rie- 
mannian flows are provided by Sasakian manifolds [5j. We give necessary 
conditions on such manifolds for admitting transversal parallel spinors (see 
Proposition 15.31) and we prove that it defines a complex Kdhlerian Killing 
spinor [20] on the cone constructed over the manifold. 

In the last section, we examine closely the case of 3-dimensional manifolds. 
We prove that parallel spinors on the normal bundle correspond to solutions 
of the Dirac equation on M, with constant norm. Hence we obtain the ana- 
logue characterization of surfaces established by Th. Friedrich. 

Acknowledgment. The author would like to thank the referee for his valu- 
able comments. He is also grateful to Sebastian Montiel and Oussama Hijazi 
for their support. 

2 The estimate 

In this section, we prove Theorem ll.il For this, let {M"',gM) be a Riemannian 
spin manifold and let be the Levi-Civita connection associated with qm- 
We denote by EM its spinor bundle and we suppose that there exists a spinor 
field \E' which satisfies Equation (11. 5p . As a first consequence of the existence 
of such a spinor is that its norm is constant. Moreover, by the fact that for 
all Z,W e T{TM), we have 3fJ(Z ■<i/,W = guiZ, W)\^\\ Then for all 
X,Y e T{TM), we obtain 

3?(X ■ V^^vP + Y ■ Vf VP, ^) = guiX, E{Y)) + guiX, E{X)). 
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Hence we find that the symmetric part of E is equal to T* defined by fll.3p . 
On the other hand, we have similarly for all X,Y & r(TM), that 

g?(r ■ v^viz - X ■ vf vi>, JL) = g^^^Y, E{x)) - SMix, e{y)). 

We deduce that the skew-symmetric part of E, is equal to the tensor 
defined by f ll.6p . Here the following question arize: Find an inequality whose 
limiting case could be characterized by fll.Sp ? For this, we will modify the 
Levi-Civita connection on M in the direction of the two tensors and we will 
show that the spinorial Laplacian is bounded from below by the norm of 
these two tensors. Indeed, 

Proof of Theorem [Tm For any spinor field ^ G r(SM) and X G T{TM), 
we consider on r(SM) the modified connection Vx^ = V;^^ + E^{X) ■ \1', 
where the tensor E^ is defined for all X, y G T{TM), by 

E^{X, Y) = T*(X, Y) + Q*(X, Y) = ^{Y ■ Vfm, 
Then for any local frame {ej}j=i,... of r(TM), we compute 

n 

iwp 

■t=l 

n 



We then conclude the estimate with the help of the Schrodinger-Lichnerowicz 
formula and the fact that = |T*p + IQ*^, since the tensor is sym- 

metric and is skew-symmetric. □ 







\E^ 




= iv^^i 
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As we said before, the estimate (11. 7p improves Friedrich's inequality for an 
eigenspinor \E' of Dm, since we have by the Cauchy-Schwarz inequahty 

n n 

Now, we will prove an analogue of this inequality for the tensor Q*. For 
this, we suppose that M carries a Kahler structure and let J be its complex 
structure. It is well-known that on such manifolds there exists a natural 
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operator defined, for all ^ G r(SM) by, Da/* = Er=i ^i^i) ' '^ef * 
This operator is a self-adjoint operator with respect to the L^-product and 
has a discrete spectrum, if M is compact. Moreover, we can easily prove that 
DIj = D\j and it anticommutes with Dm- Now, we write for all \E' G r(SM), 

n n 

Dm^ = 5^J(e,)-V*fvl/= ^^^,(j(e,),e,)e,-V?vl/ 

i=l *ii=l 

i<j i<j 

i<j 

By taking the real part of the hermitian product with \E', we find 

3?(5m^, *) = 2 5^ ^Af( J(e.), e,)Q*(e„ e,)\^\' = (J, Q*)|*|^ (2.1) 

Hence by using the Cauchy-Schwarz inequality, we deduce that 



n n 



Then for an eigenspinor \& of D^/, which corresponds with an eigenspinor of 
and not of Dm, the term is bounded from below by — and the 

inequality (11.71) improves Friedrich's estimate. □ 

Remark. It is well-known that on Kahler manifolds, a sharp estimate is 
established by K.D. Kirchberg in [THl UHl depending on the complex dimen- 
sion. In fact, we establish in a new estimate on such manifolds involving 
the two tensors and which improves Kirchberg's inequalities. 



3 Case of hypersurfaces 

In the following two sections, we will give a geometric interpretation for the 
tensors T* and Q*. We will see that plays the role of the second fun- 
damental form on a manifold foliated by hypersurfaces while the tensor 
plays the role of the O'Neill tensor in the case of Riemannian fiows. 

Let {M, qm, be a Riemannian spin manifold of dimension n + 1 and let 
!F he a. foliation of dimension n, i.e. the vector bundle L on M of tangent 
vectors to the leaves is of rank n. For all X G r(TM) and Y G r(L), we 
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set V;^y = 7r-'-(V;^F) where V*^ is the Levi-Civita connection on M and 
TT-*- : TM — > L is the projection. The connection is a metric connection 
on L with respect to the induced metric on M. We assume that the normal 
bundle is trivial, that means it is generated by a unit vector field p. Since 
TM = L © Mz^, the bundle L is spin as a vector bundle (see [21 [22] for de- 
tails) and carries a spinor bundle denoted by SL. The two spinor bundles 
EM and SL are identified by a unitary isomorphism for n even whereas the 
bundle EM is identified with two copies of SL for n odd. If we denote by 
the spinor field of EL associated with \E' by the isomorphism, the Clifford 
multiplication on L is identified with the one on M for all Y G r(L) by 

Y -L^* = {p-Y -my. (3.1) 

A spinorial Gauss formula The connection defined in the previous para- 
graph allows us to establish the spinorial Gauss formula. For this, we set for 
all X G r(TM), h{X) = —'VxU. The restriction of /i to L is the Weingarten 
map which is symmetric and we have 

V^y = V^y + gM{h{X),Y)iy, (3.2) 

where Y G T{L). Then for all X G T{TM) and ^ G r(EM), we have the 
Gauss formula [2], [29] 

V|^* = + ^/i(X) ■ 1/ ■ ^. 

We recall that the energy-momentum tensor is given for all X,Y & r(TM), 
by 

T*(X, Y) = l^in^iX) V^* + TT^iY) Vi$, ^), 

where $ is a spinor field in r(EL). Now we have the following proposition 
(see also [22j): 

Proposition 3.1 Let {M,gM,^) be a Riemannian spin manifold and T a 
foliation of codimension 1. If M carries a parallel spinor then for all 
X, y G r(L), we have 

T''{X,Y) = -^g,,{h{X),Y) = ^{C,gM){X,Y), 

where $ = and Cy is the Lie derivative in the direction of v. Moreover 
the foliation T is Riemannian (i.e. h(v) = 0) if and only if T'^{h', X) = 
for allXe r(L). 
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Proof. From the Gauss formula and the identification in fl3.ip . we have for 
all X G r(TM) that 

On one hand, for X,Y E r(L), we have 

= -mX-Lh{Y)-L^ + Y ■Lh{X)-L^.^) 

= -\{gM{X, h{Y)) + gM{Y, h{X))) = -^gMih{X),Y). 

On the other hand, we know that 

{C,gM){X,Y) = gM{V'^i^,Y)+gM{V^'iy,X) = ~2gM{h{X),Y), 

hence the first part of the proposition. For the second part, we compute for 
all X e r(L) 

r*(X,z.) = ^5^(^-lV^<I>,^) = \m-Lh{uyL^,^^) = -\gM{X,hiu)). 

The foliation is then Riemannian [2H] if and only if r*(X, u) = 0, and the 
result is proved. □ 

4 Case of Riemannian flows 

Now, we consider the case of flows, i.e. the leaves are the integral curves of 
a vector field defined on the manifold. In this case, the bundle L of tangent 
vectors is trivial, hence the normal bundle Q will play the role of L. Then 
submersions will be studied instead of immersions and more precisely the 
study of Riemannian submersions in the case of Riemannian flows. 

For this, let {M^'^^, gM,^) be a Riemannian manifold with its Levi-Civita 
connection V*^ and let ^ be the unit vector field that defines the flow JF. We 
denote by Q the normal bundle with its induced metric of M and we con- 
sider for X, Y sections of r(TM) and for Z, W sections of T{Q) in the rest of 
the paper. We define a metric connection on Q by V^Z = 7i(VxZ) where 
X G r(TM), Z G T{Q) and vr : TM — > Q is the projection. The connection 
is related to the connection for all X e T{TM) and Z e T{Q), by 

V^^Z = ViZ-gM{HX),Z)^, 
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with h{X) = Vf ^. From now on, we assume that M is a spin manifold. The 
normal bundle is then spin and carries a spin structure induced from the one 
of M, as the case of the hyp ersurf aces. The relation between the connections 
V*^ and V*^ could be easily extended on the corresponding spinor bundles 
and we have 

V*^v]> = V^vl/ + 1^ . hiX) ■ VI/, (4.1) 

for all ^ e r(EM) and X G T{TM). For any spinor field ^ G r(SM) and 
X,Y E T{TM), we denote by T,^ (resp. Qq,) the symmetric (resp. skew- 
symmetric) part of the tensor 

E^(x,r) = 3^(^y■vfvI/, ^ - 



Remark. We should point out that the spectrum of the Dirac operator 
could be related to the norm of Ei^,, as in Section [21 In fact, we can easily 
prove that 

> inf(^ + \E^\') > inf(^ + |E^|^), (4.2) 

where I-E^Iq is the norm of Eij, evaluated on vectors orthogonal to ^. We 
have the following theorem: 

Theorem 4.1 Let {M^qm-,^) be a Riemannian spin manifold of dimension 
n+1 and let T he a flow of M. If the normal bundle admits a parallel spinor 
$ = then for all Z,W e T{Q), we have 

T^{Z,W) = -^{C^gM){Z,W) and Q^{Z,W) = ^gM{[Z,W],0, 

where denotes the Lie derivative in the direction of ^. Moreover the foli- 
ation is minimal (i.e. V^^^ = 0) if and only if T^{^, Z) = 0. 

Proof. If the manifold M admits a transversal parallel spinor $, then by 
flO) we obtain for all X G T{TM), that Vf ^ = ■ h{X) ■ ^. Hence, for 
all Z,W eT{Q), we deduce 



]^{^ -Z-C- h{W) ■'^ + ^-W-C- h{Z) ■ ^, ^ 



\{-gM{Z, h{W)) - gM{W, h{Z))) = -1(£^<^,,)(Z, W). 
9 



Now we compute 

T^{^,Z) = lgfJ(e-e-Vf v^+f Z-Vf vl>, ^) = -^g,,{Z,h{0) = -\9m{k,Z) 

where n = V^'C, is the mean curvature of JF. Hence the fohation is minimal 
if and only if T^{^, Z) = 0. Similarly, we have 

Q^{z,w) = lg?(e-w^-v|^vi>-e-z-v{;^vi>,^) 

= ^^^^.WC-h{Z)-^-^-Z-C-h{W)-^,j^^) 

= \i-9MiW, h{Z)) + gM{Z, h{W))) = ^QmUZ, WIO- 
The last equality is a consequence of the fact that the torsion on M is zero. □ 

Now we consider a particular case of flows. A flow is called Riemannian 
[8] if for all Z,W e T{Q), we have 

{C^gM){Z,W) = Q. (4.3) 

The metric qm is said bundle-like in the sence of [27j. This definition is 
equivalent to the fact that the restriction h\Q is skew- symmetric. Moreover, 
there exists on Q a unique metric connection with vanishing torsion [28] . 
called transversal Levi-Civita connection, which it is defined for all X G 
r(TM) and Z G r(Q), by 

r 7r[c,z], x = e, 

VxZ= { 

( 7r(VfZ), X±C 

An important property for the curvature of the normal bundle is that 
for all Y,Z e T{Q), we have = [28^. Hence the operator 

R'^{Y,Z) : T{Q) — y ^{Q) is a well-defined endomorphism. The transversal 
Ricci operator is defined for all Y G T{Q) by Ric^y = ej)ej, 
where {ej}j=i,... is a local frame of T{Q). The transversal scalar curvature 
Scal^ is the trace of the transversal Ricci curvature. Moreover, the connec- 
tion V is related to V*^ through the Gauss-type formula for all Z,W E T{Q), 
by VfW = VzW - gMih{Z),W)C and 

vfz = vfc + [^,z] 

= hiZ) + 7vi[C,Z]) + gMi[^,ZlOC 

= hiZ) + V^Z + gM{VfZ-Vf^,0^ 

= V ^Z + h{Z) - K{Z)i. (4.4) 



10 



Also for the scalar curvatures of Q and M, we have [23] 

Scal^ = ScaW - 2divQ«; + 2|/€p + (4.5) 

The geometry of the normal bundle is determined by a skew-symmetric ten- 
sor, called the O'Neill tensor [25], defined for all X, F G T{TM) by 

AxY = n\vt\^)n{Y)) + HV^U^n^Y)). (4.6) 

Then if Z e T{Q) and Y = we have = 7r(Vi^0 = ^(^)- Also if 
Z,W eT{Q), then 

A^M^ = 7r^(V|^Vr) = gA,{VfW,m = -gM{h{Z),W)C (4.7) 

Since the map /i|q is skew-symmetric, the tensor A has also to be skew- 
symmetric. Then 

AzW = TT^iV^^W) = TT^iV^Z + [Z, W]) = AwZ + 7t^[Z, W], 

and we deduce that AzW = ^7r-^[Z, W]. The bundle Q is then involutive if 
and only if the tensor A vanishes. In this case, and if the flow is minimal, 
then by the De Rham decomposition the manifold is locally isometric to a 
product of manifolds. This product is global if the manifold is complete 
and simply connected. From now on, we suppose that the manifold M is 
spin. For all ^ G r(EM), we have the analogue of the Gauss formula for 
Riemannian flows, 

Vf * = V^vl/ + 1 e, ■ h{e,) . VI/ + 1^ . . VI/, 

(4.8) 

Vf ^ = Vz^ + ■ h{Z) ■ ^, 

where Z G T{Q) and {ej}j=i.... is a local frame of T{Q). The proof of the 
second equality in (14.81) is similar to the previous section. For the first one, 
using Equality (14. 4p . we write in the frame ei, ■ ■ ■ , e„}, 

Vfvl> = e(v&) + i^^^,(vfe,e,)^e,■vI/ + iX;^?A^(Vfe-e^>^■e^•■^ 

j=l i<j 

= e(^) + ■ Vf e ■ * + ^ 5Z 9M{V^ei + h{ei),ej)e, ■ e,- • ^' 

i<j 

1 1 " 

1=1 

Now we are ready to state the following proposition: 
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Proposition 4.2 Let {M^qm-,^) be a Riemannian spin manifold and let T 
he a Riemannian flow. If the normal bundle carries a parallel spinor $ = \E'*, 
then for all Z,W ^ ^{Q), we have 

Q^iZ, W) = ^gMiAzW,0 = -\gM{Az^^W), 

where A denotes the O'Neill tensor. 

Proof. From Theorem 14.11 we have for all Z,W & ^{Q), 

Q^{Z,W) = ^gM{[Z,W],0 = \gM{AzW,0- □ 

5 Case of Sasakian manifolds 

It is interesting to consider an example of a Riemannian flow. We will discuss 
the case where the normal bundle admits a parallel spinor. For this, we recall 
the definition of a Sasakian manifold [5]. 

Definition 5.1 A Riemannian manifold {M,g]\j) of dimension 2m + 1 is 
called Sasakian, if there exists a unit Killing vector field ^ such that the 
tensor h defined for all X G r{TM), by h{X) = satisfies the following 
properties: 

2. {y^^h){Y)=gM{i,Y)X-gM{X,Y)i, 
where X,Y are vector fields in r(TM). 

Since f is a Killing vector field, it then satisfies Equation fl4.3p . Hence it 
defines a Riemannian fiow with totally geodesic fibres. Moreover, the normal 
bundle has a Kahler structure w.r.t. the connection V defined for all Z G 
r(Q) by J{Z) = h{Z) The transversal Ricci tensor is related to the Ricci 
tensor of M by [5], eq. 2.5] 

Ric^Z = RicM^ + 2Z and RIcm-^ = 2m^. (5.1) 

An important case of Sasakian manifolds is r^-Einstein manifolds (see [6j and 

my- 

Definition 5.2 A Sasakian manifold {M,gM) of dimension 2m + 1 is called 
rj-Einstein if there exist real functions j3 and j on M such that 

RicM = f3gM + -/t®i^- 

In this case, the functions (3 and 7 are constant and satisfy /5 + 7 = 2m. The 
scalar curvature is constant equal to 2m{(3 + 1). 
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Let now (M^qm) be a spin Sasakian manifold. The Kahler form Q of the 
bundle Q defined for all Z,W e T{Q) by ^{Y, Z) := gM{J{Y),Z) acts on 
the spinor bundle of Q by |JJ 



2m 

I 

n 



^ 2m 

i^J^^ei -Q J{ei 



2 

where {ej}j=i^... ^2m is a local frame of T{Q). It is well-known that under the 
action of Q, the spinor bundle of Q splits into an orthogonal sum [1], [TH] 

(TTl \ 
1 associated with the eigenvalue 

z/ir := i{2r — m) of Q. Since the bundle EM is identified with the bundle 
EQ by Section [HI we have the same decomposition for EM. Moreover, the 
Killing vector field ^ acts on each eigenbundle E^M by [IT] 

e-^, = (-ir+iz^„ (5.2) 

for all G r(ErM). Now we have the following proposition: 

Proposition 5.3 Let [M^qm) he a simply connected Sasakian spin manifold 
of dimension 2m + 1 and let h, rf) he its Sasakian structure. If the normal 
hundle Q admits a parallel spinor $ = \E'*, then M is rj-Einstein. If more- 
over the limiting case of Inequality (14. 2 p is realized, then either Q carries a 
hyperkdhler structure of rank n = 2m = 8k or the manifold M is isometric 
to 

Proof. The normal bundle is Kahler and Ricci flat with holonomy group is 
one of the following SUm, Sp^ (m = 2/), [30]. We deduce by Equation (14. 5 p 
that ScaU/ = —2m and by (15.10 that, 

RicmZ = —2Z and RIca/^ = 2m^, (5.3) 

for all Z G T{Q). Thus the manifold M is 77-Einstein and by (14. 8 p it carries 
a spinor field that satisfies 

Vf ^ = |fi ■ ^, 

(5.4) 

Vf = i^ Mz) ■ v]/. 

In this case, the tensor Q^{Z,W) = -\gM{h{Z),W) for all Z,W e V{Q) 
and we are in the limiting case of Inequality (14. 2 p if and only if ^2 ■ = 0. 
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Using the identification of tlie bundles SM and SQ, tliis condition gives tliat 
$ e r(E^(5) ^'iid m = 2Z is even. Having a liolonomy group SUm, tlie only 
subbundles that admit parallel spinors in even complex dimension are EqQ 
and T,mQ [23l EU [30], hence a contradiction. Thus the holonomy group is 
either reduced to Sp; or to 0. In the first case the normal bundle admits a 
hyperkahler structure and the subbundles that admit parallel spinors have 
the form E^Q with s even. We deduce that / is even. In the second case, the 
normal bundle is flat (i.e. = 0) and by a result of R. Blumenthal [HI Cor. 
2], the manifold M is isometric to R^'"*"^. □ 

We recall that a Kahler spin manifold {N'^"^,J,S) with complex structure 
J and spinor bundle S carries a complex Kahlerian Killing spinor ifj = 
i^r-i + i^r ^ r('5'r-i © Sj.) if for cach vector field X the differential equa- 
tions [201 eq. 1.2] 



are satisfied, where c 7^ is a given complex number. Many basic properties 
have been investigated for a non-trivial solution of the above differential sys- 
tem. In particular, the manifold is Einstein of odd complex dimension flUi 
Thm. 3]. Now we will relate the particular spinor obtained in Proposition 
15.31 to the cone constucted over the manifold M and we will prove that it 
corresponds to a complex Kahlerian Killing spinor. 

For this, let {M^, qm) be a Riemannian manifold of dimension n and let V*^ 
be the Levi-Civita connection associated with qm- We recall the following 
facts [12], [26]. The cone constructed over M is defined by the Riemannian 
product (Z = R+ X M, gz = dt^ © t^gu)- The unit vector field dt is orthog- 
onal to the hypersurfaces Mt = {t} x M (Z Z which foliate the manifold Z. 
We denote for all X e T{TM) by h{X) = -V^dt the Weingarten map of 
Mt, where is the Levi-Civita connection associated with gz- We have the 
following formulas, for all X,Y e T{TM), [20, p. 206] 



Using these formulas, we can relate the Ricci curvatures for M and Z and 
we have for all X e T{TM), 




Vgdt = 0, 
VgX = Vldt = }X, 
V^Y = V^jY-tgM{X,Y)dt. 



Riczdt = 0, RiczX = -(Ric^X - {n - 1)X) 
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and for the scalar curvatures, we deduce 

Scal^ = — (ScalM — n{n — 1)). 

From now on, we suppose that the manifold M^™"*"^ is a Sasakian spin man- 
ifold with h, rf) its Sasakian structure. Let the orientation of Z be such 
that for any positively orthonormal basis {^, ei, ■ ■ ■ , e2m} of TM, the basis 
{dt, jCi, ■ ■ ■ , e2m} is positively orthonormal in Z. Since the dimension of 
M is odd, the spinor bundles of M and Z are identified as in Section [3] and 
we have 

EM ~ SZ+Im- 

Also for the Clifford multiplications, we get from Equation (13.11) for all X G 

ViTM) and G V{^Z+\m) that 

X-M^* = \{dt-X-^)\ (5.5) 

where " ■ " is the Clifford multiplication on Z. The spinorial Gauss formula 
is then given for all X G T{TM) by 

where Lp G T(TjZ^). Moreover, we can relate the geometry of M to a particu- 
lar geometry on the cone. Indeed, the structure J given for all Y orthogonal 

to ^, by 

J{dt) = JiO = -m JiY) = hiY), 

defines a Kahler structure on Z. Let fi^ = gz{J{X)^ Y) be the Kahler form 
on the manifold Z. Its action on the spinor bundle is given by 

fi^■ = -9^■^+— ^e.- J(eO-. (5.6) 

i=l 

This formula is a direct consequence from the local expression of in the 
basis {dt, \ei, ■ ■ ■ , \e2m}- Now we turn our attention to the cone over 
the manifolds in Proposition 15.31 Using Equations (15.31) . we deduce for all 
y G r(Q) that 

Riczi = Riczdt = and Ric^F = ^ 7 ' Y. 



15 



The scalar curvature on Z is then equal to _ ^™(™+^) _ Since the spinor field 
= G r(S;Q)(/ = y is supposed even), hence by using Equations (I5.5p 
and (15.21) we obtain 



-at-e-(/p)* = e-A/^ = -2^ = (-z(/p)*. 



(5.7) 



Moreover, the action of the last term in (15. 6p on the spinor field ^ is zero, since 
^ is the kernel of the Kahler form oiYiff) . We then deduce that ■ Lp = —iip 
and If G V{JliZ). Therefore, using Equations (15. 4p and the Gauss formula, 
we have by Equation (15. 5p for all Y G T{Q) that 

r viv? = 0, 

The spinor field defined hy if) := idt ■ tp is a section of the bundle HiJ^^iZ. In 
fact, using Equations (15. 6p and (15. 7p . we compute 



1 It 

Vl^ ■ tp = -dt ■ ^ ■ dt ■ Lf = ■ = -{itdt ■ if) = —dt ■ if = iip. 

Hence tp G r(S/+iZ) and the pair G V{T,iZ) ©r(Si+iZ). Using Equa- 

tion (15. 7p . we write for all Y G T{Q), 



-l-J{Y).dt-ip-^Y.dt-^ 

-1 J(y) .^p + l-Y■^P = ^^{Y + iJiY)) ■ ^. 



Similarly, we compute 



^fiP = iVydt ■ ^ + idt ■ VyV 

= lY-ip + zdt-i-^^J{Y)-dt-ip-^Y-dt-ip) 

= ^F-^+lj(y)-(^ = ^(F-zJ(r))-^. 
The same equations remain true along the vector field ^ with constant □ 
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6 Case of 3-dimensional flows 



Now we will characterize parallel spinors on the normal bundle when the 
manifold M is of dimension 3. We will prove that the existence of such 
a spinor is equivalent to the existence of a solution of the Dirac equation 
and we will find the analogy of the characterization for surfaces. For this, 
we consider a Riemannian spin manifold {M^qm-,^) of dimension 3 and a 
Riemannian flow JF, supposed minimal, defined by a unit vector field ^. We 
recall that the complex volume form 

^^3 = ■ ei ■ 62, 

acts as the identity on the spinor bundle EM, where {^,61,62} is a local 
orthonormal frame of T{TM). Moreover, we have for all Z G ^{Q) 

Z -Q^* = {i- Z -my and ■ ^)* = -iF, (6.1) 

where \1'* = 0^2 -q and U2 is the complex volume form of SQ defined by 
u}2 = iei -Q 62- Since the map h{Z) = Vf^^ is skew- symmetric, it can be 
represented by the following matrix 

-b 
b 

where b : M — > M is a function. We have the following theorem: 

Theorem 6.1 Let [M^^gM-,^) be a compact Riemannian manifold and let 
T be a minimal Riemannian flow. Then the following properties are equiva- 
lent: 

1. The normal bundle admits a parallel spinor $ = \1'*. 

2. The transversal scalar curvature is non-negative and is a solution of 

Dm-^ = (6.2) 

with |\E'| = 1. 

Proof. For 1^2, the first is trivial since the normal bundle is Ricci flat. 
For the second part, the norm of \E' is constant by a direct consequence from 
the equality X{\^\^) = 23fJ(Vx^, ^) for all X G T{TM). On the other hand, 
using Equations fl5.4p and the fact that 

fi-^ = ^(ei ■ /i(ei) ■ ^ + 62 ■ /i(e2) ■ ^) 

= ^(661 ■ 62 ■ ^ - 662 ■ 61 • ^) = 6^ ■ ^. 
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We compute the Dirac operator of \E' and we find 

Dm* = + ^ei ■ e ■ /i(ei) ■ * + ■ e ■ /i(e2) ■ * 

br b ^ ^ b ^ , 
= --^ + -ei-^-e2-^--e2-C-ei-^ = -^. 

For 2 =^ 1, we compute first 

= ^.(V^^ + ^^.^) + ei-(Vei* + ^e-e2-*) 

+e2-(Ve2*-^?-ei-*) 

= e- Vj^ + ei ■ Vei* + e2- Ve2* + ^*. (6.3) 

Since \1/ satisfies fl6.2l) . we get by fl6.ip that Dtr^^ = where $ = and 
Dtr is the transversal Dirac operator defined for each spinor field $ G r(S(5) 
by [131 eq. 1.6] 

Ar$ = ei -Q Vei$ + 62 "Q Vej^- 



Thus we have 



The norm of $ is being constant, then ^{Dtr^, $) = 0. On the other hand, 
by the fact that for all Z eT{Q),we have R^{^,Z)^ = 0, then 

Dl^ = Ar(V5<l>) 

= ei-Q VeiV5$ + e2-Q Ve^Vg^ 

= ei -Q (V^Vei^ + V[ei,5]$) + 62 "Q (V^Ve^^ + V[e,,5]$). 

If we choose normal coordinates {ci, 62} at a point x on M, hence the bracket 
vanishes since the foliation is minimal. Thus, Df^^ = V^Df.,.^ and 

3?(d2^$,<I>) = 3?(V5A,$,$) = -(Ar$, V5$) = -lAr^p. 

The integral over M, gives Ar'^* = Vg$ = 0. Hence the spinor field $ is 
transversally parallel as a consequence of the Schrodinger-Lichnerowicz type 
formula [131 eq. 2.1] and the fact that the transversal scalar curvature is 
non-negative. □ 

Now we give examples of manifolds in dimension 3 with negative scalar curva- 
tures, which the limiting case of Inequality (11.71) is achieved. We also define 
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a particular Riemannian flow on these manifolds with transversal parallel 
spinors. 



Example 1. Let M = Nils be the Heisenberg group defined by the quotient 
of 

( /I a c\ 

G:= Ho 1 6 ; (a,6,c) G 1 

Ivo 1/ 

by the subgroups Gk C G of matrices for which x,y,z are integers divisible by 
some positive integer k. The Heisenberg group carries a left-invariant metric 
which has the form [9] 

ds'^ = dx^ + dif^ + {r{ydx — xdy) + dz)^ , 

where r is a non-zero constant real number. We easily verify that the frame 
{ci, 62, 63} defined by 

ei = dx — rydz, 62 = dy + rxdz, 63 = dz, 

is an orthonormal frame and satisfies 

[61,62] = 2X63, [62,63] =0, [61,63] =0. 

The Christoffel symbols T^j = g{y ei^j^ek) are given by 

■p3 _ -nl _ _-n3 _ 
12 ~ 23 ~ 21 ~ ' ' 

pi - _r2 _ _r2 _ 

32 ~ J- 31 ~ 13 ~ ' • 

The other symbols vanish. The Ricci curvature of M is given by the matrix 



Ric 





M 



The scalar curvature of M is then equal to — 2r^. Using the local expression 
of the covariant derivative of a spinor field [1], the spinor bundle EM admits 
a spinor field \E' which verifies, 

Vef^ = ^^7A/(V^f 62, 63)62 ■ 63 ■ ^ = ^r6i ■ ^. 

Also, we have that V*^^ = ^t62 ■ ^ and Vg^ \E' = —^^63 ■ ^ . Hence the spinor 
field \E' is an eigenspinor of the Dirac operator associated with the eigenvalue 
Moreover, we compute 

r*(6i, 61) = 5R(6i ■ V^fvl;, JL) = Tjsi^e, ■ 61 ■ VI/, J^) = -I. 
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Similarly, we have that T"^ (62,62) = — | and T*(e3,e3) = ^. The others are 
equal to zero and also for Q*. We then deduce that |T*p = ^ and we get 

inf(^^+|T*|2 + |g*|2) = l! = A2. 

The flow defined by 63 is Riemannian and minimal. In fact, the map h{Y) = 
Vy 63 is given by 

h{ei) = -762, h{62) = rei, /i(e3) = 0. 

Using Equations (14.81) . we can verify that $ = \1'* is a transversal parallel 
spinor. Indeed, we have 

Ve,$ = (V^f V]/ - le3 . /i(ei) ■ = {'^T6, ■ ^ + ^T6s ■ 62 ■ = 0, 

and Ve2$ = Ve3$ = 0. Hence, we find the result in Proposition 14.21 by 
computing 

Q*(ei,e2) = l^ie,-e2-\/^l^-6s-6,-\/^i^,j^) 
= -3ft(e3 ■ 62 ■ ei ■ \1' - 63 ■ ei ■ 62 ■ \E', 



^ V o . . o . . , |^|2. 

T T 1 

= -2^(^i -63 ■ ^^,1^) = - = --£/M(/i(ei),62). □ 

Example 2. Let M be the solvable group S0I3. The manifold M is the 
semi-direct product M K M^, where t G M acts on via the transformation 
{x,y) — > (e*x,6~*y). We identify S0I3 with and the group multiplication 
is defined by 

(x, y, z) ■ (x', y\ z') = {x + 6"^a;', y + e^'y' , z + z'). 

The frame 

61 = e~^dx, 62 = 6^dy, 63 = dz, 
is orthonormal with respect to the left-invariant metric 

ds'^ = 6^''dx^ + 6~'^'dy'^ + dz^. 

We easily verify that the frame {61, 62, 63} satisfies 

[61,62] = 0, [61,63] = 61, [62,63] = -62. 
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The Christoffel symbols are given by 

p3 p2 pi p3 -| 

■■^ 11 ~ J- 23 ~ ^ 13 ~ -'^22— ^■ 

The other symbols vanish. The scalar curvature is equal to —2. As the 
previous example, there exists a spinor field on r(SM) which satisfies 

V*f^ = ^2 ■ ^, Vf^^ = ^ei ■ ^, V^l^ = 0. 
The spinor field \l/ is then a harmonic spinor and we have 

= ^3?(ei-ei-vl> + e2-e2-vE^,^) = -^. 

The others are equal to zero and also for . Hence we deduce that |T*p = | 
and we get 

inf(^^ + |T*|2 + |g*|2)=0 = A2. 

The fiow defined by 63 is minimal and is not Riemannian. In fact, the map 
h{Y) = V^^eg satisfies 

h{ei) = ei, h{e2) = -62, h{es) = 0. 

Then, we are in the case of Theorem 14.11 and we have for all X G r(TM) 

V*^^ = Vx^ + ■ h{X) ■ ^. 

Thus, we find Vei$ = (|e2 ■ - ^63 ■ ei ■ '^)* = 0. Also, we deduce that 
Ve2^ = Veg"!* = and $ is a parallel spinor on the normal bundle. Now, we 
compute 



On the other hand, we have — ;^(£e3fi'M)(ei, ei) = — |5'M(V^^e3, ei) 



_ 1 

2' 

Moreover, we write 



Qv,(ei,e2) = ^3?(e3-e2-V*fvl/-e3-ei-V,^^vl/,^) 

1 ^1 
= ^5^(63 ■ 62 ■ 62 ■ ^ - 63 ■ ei ■ ei ■ ^, -— ) = = -gM{[ei,e2],es). 
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□ 



Example 3. Let the manifold M be the Riemannian product §^ x and 
let V*^ be the Levi-Civita connection associated with the product metric. 
The manifold M is a trivial fibration over the sphere §^ with S^-fibres. We 
denote by f the unit vector field of the tangent bundle of and {ci, 62} is a 
local orthonormal frame of S^. Let $ be a Killing spinor on the sphere with 
Killing number |, i.e. Vf^ $ = \ei -§2 $, for i = 1,2. The scalar curvature 
on M is then equal to 2. Moreover, by using the identification in (16.11) . we 
deduce that the manifold M carries a spinor field which satisfies 

Vf ^ = 0, V^f* = ^62 ■ ^, V^^'^ = -iei ■ 

The spinor field is an eigenspinor of associated with the eigenvalue 1. 
In fact, we have Da/\E' = ^ ■ \E' and 

Dl,^ = D,,(e-vI/) = ei-Vif(e-vl>) + e2-V^(e-vl/)+e-Vf(e-vl/) 

= ei ■ e ■ V*f^ + 62 ■ e ■ ^el^ = ■ ei ■ 62 ■ ^ = ^. 

Moreover, we easily verify that the tensor is equal to zero and 
Q*(ei,e2) = ^5J(e2-Vffvl/-ei-V^Jv[;, JL) 

= ^3^(62 ■ 62 ■ ^ + ei ■ ei ■ ^,^) = -^. 

We also have 6i) = for i = 1, 2. Hence we deduce that IQ'^P = | and 

inf(^^ + |T*|2 + |g'f|2) = l = A2. 

For the Friedrich lower bound, we have 7;r^^ inf ScaW = 7- D 

4(n-ij 4 

References 

[1] C. Bar, On nodal sets for Dirac and Laplace operators, Commun. Math. 
Phys. 188 (1997), 709-721. 

[2] , Extrinsic bounds for eigenvalues of the Dirac operator, Ann. 

Glob. Anal. Geom. 16 (1998), 573-596. 

[3] R. Blumenthal, Foliated manifolds with flat basic connection, J. Diff. 
Geom. 16 (1981), 401-406. 



22 



J.-P. Bourguignon, O. Hijazi, J.-L. Milhorat, and A. Moroianu, A Spino- 
rial approach to Riemannian and conformal geometry, (in preparation) . 

C. Boyer and K. Galicki, On S as akian- Einstein geometry, Internal . J. 
Math. (2000), 873-909. 

, Einstein manifolds and contact geometry, Proc. Amer. Math. 



Soc. 129 (2001), 2419-2430. 

C. Boyer, K. Gahcki, and P. Matzeu, On Eta-Einstein Sasakian geome- 
try, Commun. Math. Phys. 262 (2006), 177-208. 

Y. Carriere, Flots riemanniens et feuilletages geodesibles de codimension 
1, Ph.D. thesis, Universite de Lille, 1981. 

B. Daniel, Isometric immersions into 3- dimensional homogeneous man- 
ifolds. Comment. Math. Helv. 87 (2007), 87-131. 

Th. Priedrich, Der erste eigenwert des Dirac- operators einer kompakten 
riemannschen mannigfaltigkeit nichtnegativer skarlarkriimmung. Math. 
Nachr. 80 (1980), 117-146. 

, On the spinor representation of surfaces in Euclidean 3-space, 

J. Geom. Phys. 28 (1998), 143-157. 

S. Gallot, Equations differentielles caracteristiques de la sphere, Ann. 
Sc. Ec. Norm. Sup. 12 (1979), 235-267. 

J.F. Glazebrook and F.W. Kamber, Transversal Dirac families in Rie- 
mannian foliations, Commun. Math. Phy. 140 (1991), 217-240. 

G. Habib, A new estimate for the eigenvalues of the Dirac operator on 
Kdhler manifolds, (in preparation). 

O. Hijazi, Lower hounds for the eigenvalues of the Dirac operator, J. 
Geom. Phys. 16 (1995), 27-38. 

O. Hijazi, S. Montiel, and X. Zhang, Dirac operator on embedded hyper- 
surfaces, Math. Res. Lett. 8 (2001), 195-208. 

E. C. Kim and Th. Fricdrich, The Einstein- Dirac equation on Rieman- 
nian spin manifolds, J. Geom. Phys. 33 (2000), 128-172. 

K.D. Kirchberg, An estimation for the first eigenvalue of the Dirac oper- 
ator on closed Kdhler manifolds of positive scalar curvature, Ann. Glob. 
Anal. Geom. 3 (1986), 291-325. 



23 



[19] , The first eigenvalue of the Dime operator on Kdhler manifolds, 

J. Geom. Phys. 4 (1990), 449-468. 

[20] , Killing spinors on Kdhler manifolds, Ann. Glob. Anal. Geom. 

11 (1993), 141-164. 

[21] A. Lichnerowicz, Spineurs harmoniques, C. R. Acad. Sci. Paris 257 
(1963), 7-9. 

[22] B. Morel, Tenseur d 'impulsion- energie et geometric spinorielle ex- 
trinseque, Ph.D. thesis, Institut ELie Cartan, 2002. 

[23] A. Moroianu, La premiere valeur propre de I'operateur de Dirac sur les 
varietes kdhleriennes compactes, Commun. Math. Phys. 3 (1995), 373- 
384. 

[24] , Operateur de Dirac et submersions riemanniennes, Ph.D. the- 
sis, Ecole Polytechnique, 1996. 

[25] B. O'Neill, The fundamental equations of a submersion, Mich. Math J. 
13 (1966), 459-469. 

[26] , Semi-Riemannian geometry, Acad. Press (1983). 

[27] B. Reinhart, Foliated manifolds with bundle-like metrics, Ann. of Math. 
69 (1959), 119-132. 

[28] Ph. Tondeur, Foliations on Riemannian manifolds. Springer, New York, 
1988. 

[29] A. Trautman, Spinors and the Dirac operator on hypersurfaces I. Gen- 
eral theory , J. Math. Phys. 33 (1992), 4011-4019. 

[30] Mc. Y. Wang, Parallel spinors and parallel forms, Ann. Glob. Anal. 
Geom. 7 (1989), 59-68. 



24 



